An annually modulating signal at a direct-detection experiment is considered to be one of the tell-tale signatures of dark matter [1] (for a recent review, see [2] ). Due to the motion of the Sun around the Galactic Center, there is a "wind" of dark matter (DM) particles in the Solar reference frame. This wind would result in a constant flux in the lab frame, but the Earth's orbit around the Sun leads, instead, to an annually modulating signal.
The time dependence in the detection rate can be seen explicitly as follows. For typical spin-independent and -dependent interactions, the differential rate for a DM particle scattering off a target nucleus is proportional to
where ρ is the local DM density, v min is the minimum DM speed to induce a nuclear recoil with energy E nr , and f (v, t) is the DM velocity distribution in the lab frame [3, 4] . The time dependence in the rate is due to the changing distribution of DM velocities over a year. As explored in [5, 6] , a harmonic analysis of the modulation signal can lead to valuable information about the particle and astrophysics properties of the dark sector. While [6] focused specifically on the contributions to the higher-order modes from the eccentricity of the Earth's orbit, the Galactic escape velocity, and velocity substructure, other physical effects can also come into play. Here, we discuss focusing from the Sun's gravitational potential and its effects on the phase of the modulation.
The DM velocity distribution is warped by the gravitational field of the Sun, a phenomenon referred to as gravitational focusing (GF). Specifically, the Sun's potential deflects the incoming, unbound DM particles, increasing their density and speed as they pass by the Sun. The effect of GF on the interstellar medium around a star was considered by [7, 8] , and the relevance of GF for DM was explored in [9] [10] [11] [12] . Ref. [9] concluded that the effect on the total rate is negligible. In this Letter, however, we show that GF actually has a profound effect on the phase of the modulation and is highly relevant for current direct-detection experiments.
GF affects the time dependence of the differential rate as follows. The Earth is traveling fastest into the DM wind around June 1. This means that during the fall (∼September 1), the Earth is in front of the Sun, fully exposed to the DM wind, and during the spring (∼March 1), it is behind the Sun. As Fig. 1 illustrates, GF is stronger during the spring than the fall because the DM particles have spent more time near the Sun; the changes in their density and velocity distribution are accordingly more significant. Thus, when GF is accounted for, the time dependence in (1) arises not only from the velocity distribution but also from the density. The effect on the rate is more pronounced for slower-moving particles that linger in the Sun's potential.
To more precisely calculate the effect of GF, we use the fact that the phase-space density of the DM along trajectories is constant in time due to Liouville's theo- For the standard halo model, the phase-space density ρfv|t (dashed black) is maximal at 300 km/s; however, the difference in the phase-space density between spring and fall (dotted red) is maximal at ∼200 km/s. Note that these two plots are normalized separately. Gravitational focusing is most significant at low Earth-frame speeds v, as indicated by the plot of the modulation fraction (inset). rem [9, 11] . Specifically,
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wheref (v) and ρ ∞ are the velocity distribution (in the Galactic frame) and density, respectively, asymptotically far away from the gravitational well surrounding the Sun. Note that the velocity distribution and density at the detector location, f (v, t) and ρ, respectively, are each time dependent when focusing is taken into account. V ⊕ is the time-dependent velocity of the Earth in the Solar reference frame [6] , and v ≈ (11, 232, 7) km/s is the velocity of the Sun in Galactic coordinates [13] .
is the velocity in the Solar reference frame that a DM particle must have at asymptotic infinity to have a Solarframe velocity v s . Using the conservation of the LaplaceRunge-Lenz vector, Ref. [11] showed that
withr s the time-dependent unit vector that points from the Sun to the Earth [6] and r s the distance between the Sun and the Earth. Energy conservation requires that v
For purposes of illustration, we model the velocity distribution function in the Galactic rest frame using the standard halo model (SHM):
where N esc is a normalization factor. We take v 0 ≈ 220 km/s and the escape velocity to be v esc ≈ 550 km/s [14] . While there is considerable debate about how well the SHM describes the tail of the distribution function, it appears to be a reasonable approximation at low speeds, which is most important for GF [15, 16] .
Consider the DM phase-space density in the lab-frame at time t, integrated over solid angle Ω:
Note that ρf v | t only depends on the speed v, as is relevant for experiments that are not sensitive to scattering direction. For the SHM, the phase-space density changes only slightly in the Earth frame during the year and is dominated by DM particles with speeds ∼300 km/s, as illustrated by the dashed black curve in Fig. 2 . The relevant quantity for GF is (ρf v | Mar 1 − ρf v | Sep 1 ), shown by the dotted red line, because it captures how many more DM particles impact Earth during the spring than the fall, for a given speed. The two curves in Fig. 2 are individually normalized so their shapes can be compared.
The difference in the phase-space density between spring and fall is maximal for speeds ∼200 km/s. This can be understood by looking at the fractional modulation between spring and fall, defined as
; the difference between ρf v | Mar 1 and ρf v | Sep 1 is small enough that the denominator may be approximated as 2ρf v . We may understand heuristically how the fractional modulation changes as a function of v through the following argument. A particle traveling at speed v has a crossing time t ∼ r s /v near the gravitational well of the Sun as it travels from the Earth's location in September to the Earth's location in March. During this time, the particle's trajectory is deflected a distance on the order of (GM /r 2 . Because the flow rate of particles ∼ρAv is invariant in the Solar frame, and v does not change much from one side of the Sun to the other for high-speed particles, the fractional change in the density scales as δA/A. Therefore, the fractional modulation scales as
2 . The modulation fraction between spring and fall is shown in the inset of Fig. 2 and supports the intuition that GF has a more significant effect on lower-speed particles. However, because there are more particles ∼300 km/s in general, the difference in phase-space density between spring and fall is peaked at ∼200 km/s.
GF causes the total DM density to modulate by around 1.5% between spring and fall. Were GF the only physical effect causing the detection rate to modulate, we would expect the maximum of the rate to be ∼March 1. Of course, this is not the case; the Earth's motion around the Sun causes the rate to modulate with an extremum around June 1, and the modulation fraction in this case is around 3%. At high v min , the modulation due to the With GF, t0 is still approximately June 1 at high vmin, but as vmin decreases, GF becomes more significant, and t0 ultimately asymptotes to a value ≈ 21 days later than that expected with no GF. The dot-dashed brown line marks March 1, which is the time when GF is maximal. The orange region roughly accounts for the astrophysical error in t0 by varying v0 from 180 to 260 km/s. (right) The timet0 that maximizes the binned rate as a function of the minimal bin energy Emin for DM masses 8, 15, and 50 GeV (thick lines). The thin lines show the corresponding phases when GF is neglected. We assume 1 keVnr energy bins at a germanium detector; note that the shapes of these curves are highly sensitive to the bin size and target nucleus.
Earth's orbit dominates. However, as v min approaches ∼200 km/s, GF becomes important. For v min well below this scale, the expected maximum is around December 1, and GF causes it to shift towards March 1 by around (3 months)×1.5/(3+1.5) ≈ 1 month. A more precise calculation shows that at low v min , the maximum is shifted by around 21 days. We now calculate the phase shift due to GF.The timedependence of the differential rate is captured by
where A 1 ≥ 0, t 0 is the maximum of the rate, and ∆t is a possible phase shift that may arise from including the biannual and higher-frequency modes, which are not shown in (6) . For isotropic distributions, the biannual mode is suppressed relative to the mode A 1 by ∼1/30 [6] . This may be enhanced at high v min , as it becomes increasingly sensitive to the Galactic escape velocity [6] . GF also enhances the biannual mode, as captured by the phase ∆t. When GF is neglected, t 0 ≈ June 1 at large v min and ∼half a year later at low v min . The transition occurs around v min ≈ 200 km/s, at which point A 1 has a zero, as is illustrated by the dashed red curve in the left panel of Fig. 3 . GF may be accounted for by substituting the expression (2) for f (v, t) into (1) . Assuming the SHM, we compute the differential rate numerically, calculate the time t 0 , and perform the harmonic expansion (6) to find ∆t. The result for t 0 as a function of v min is shown in the left panel of Fig. 3 (solid black) . The dotted black curve shows the phase shift ∆t, which is most significant for v min near 200 km/s. The shaded orange region takes into account astrophysical uncertainties in the calculation of t 0 by varying v 0 from 180 to 260 km/s. Varying v [17] results in changes that are also contained within the shaded region. At low v min 200 km/s, we find that t 0 ≈ t 1 − 86 days, where t 1 is the time of the vernal equinox. This is ∼21 days later than the time one finds when neglecting GF, indicated by the dashed red line.
In practice, direct-detection experiments measure the differential rate in terms of E nr instead of v min . For elastic scattering, the two are related by v min = m n E nr / (2 µ 2 ), where m n is the mass of the nucleus and µ is the reduced mass of the DM-nucleus system. Note that, for the same E nr , a lighter DM particle has a larger v min than a heavier DM particle. The consequence of this is that lighter DM requires lower energy thresholds to see the effect of GF.
Experiments typically measure scattering rates in finite energy bins, so the relevant quantity is
for a bin with E nr = [E min , E max ]. We use the notationt 0 (E min , E max ) to refer to the time of maximal R(E min , E max ). The right panel of Fig. 3 showst 0 as a function of E min , assuming a germanium target and 1 keV nr energy bins, for DM of mass 8 GeV (dashed red), 15 GeV (dotted black), and 50 GeV (solid orange). GF causes a phase shift of more than 10 days from June 1 when E min is below ∼1, 3, and 20 keV nr for 8, 15, and 50 GeV DM, respectively. The phase shift is particularly significant for 15 GeV DM. However, current advances in low-threshold technology could make it possible to ob-serve the effect of GF for an 8 GeV candidate. For example, the projected threshold for SuperCDMS-lite is ∼0.8 keV nr [18] . GF can affect the phase of a light DM candidate at other low-threshold experiments, such as PI-CASSO [19] and DAMIC [20] . For a xenon experiment, the phase shift is significant ( 10 days) in the 4-5 keV nr energy bin for DM masses 20 GeV. The DAMA experiment, which uses a NaI(Tl) target, claims over 9σ modulation with maximum at May 25±7 days in the energy range 2-6 keV ee [21] . From 2-5 keV ee , the maximum is at May 21±6 days, while from 2-4 keV ee , it is at May 15±6 days [21] . The purported signal can correspond to ∼10 or 80 GeV DM, depending on whether the scattering off sodium or iodine dominates; both possibilities are in tension with null results from other experiments (see [2] and references therein). For a 10 GeV candidate, GF is not relevant in these energy bins and the expected maximum remains at June 1. However, for 80 GeV DM, the maximum should be at ∼May 22, 21, and 19 in the energy ranges 2-6, 2-5, and 2-4 keV ee , respectively. A more dramatic effect should be observed in the 2-3 keV ee and 2-2.5 keV ee bins, where GF leads to a maximum at ∼May 10 and April 29, respectively. GF may be even more important if halo substructure with many slow-moving DM particles (in the Sun's reference frame) is present. One such example is the dark disk (DD), which is thought to rotate in the same direction as the local standard of rest, but with a lag speed ∼50 km/s [22] [23] [24] [25] . In the low-v min limit, the DD may significantly alter the phase shift due to GF, even for relatively small DD density. For example, if the DD makes up 10% of the total DM, t 0 changes at low v min from ∼December 24 (no DD) to 29. At larger DD densities, t 0 asymptotes to around January 3. Without accounting for GF, the DD causes the rate to be extremized ∼November 15 [6] , so including GF corrects this phase shift by around 45 days. For intermediate v min , GF combined with the DD leads to an interesting signature in the modulation, which we do not investigate here.
We have not included corrections from the GF effect due to the Earth's gravitational potential. The velocity v E esc ≈ 11 km/s to escape Earth's gravitational field from the surface is not significantly smaller than v S esc , so one might expect it to be important. However, the GF effect from the Earth does not modulate over the period of a year, and therefore does not significantly contribute to an annual modulation, as we checked numerically. GF from the Earth should be significant for daily modulation, however, and GF from the moon should contribute to monthly modulation. Along similar lines, DM particles trapped within the Solar system do not contribute significantly to annual modulation because (i) their density is small compared to that of unbound DM [26, 27] , and (ii) the velocity distribution of the bound DM should not modulate over the period of a year.
To summarize, the gravitational potential of the Sun focuses incoming, unbound DM particles, leading to an observable phase shift in the modulation signal. For DM with v min 200 km/s, the signal is maximal ∼21 days later than would be expected with no focusing. These results have important implications for DM masses 20-50 GeV, depending on target mass. They also are relevant for light DM in low-threshold experiments.
